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Someformulaefor s-productsinR”, whichinvolve theexponentialoftheLaplacianon poly-
nomials,aredeveloped.In particular,integralformulaewhichallow usto extendthe s-product
to aspaceofconcentratedGaussianson Fl” aregiven.Someof theseresultsaregeneralizedto
thecaseofgeneralLiealgebra,wheretheBaker—Campbell—Hausdorffformulais required.
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Thenotionofas-productasaparticulardeformationoftheassociativealgebra
of smoothfunctionson asymplecticmanifold was introducedin Bayenet a!.
(1978) to givean autonomousphasespaceformulationof quantummechanics
without operators.The problemof existenceandconstructionof * -productson
varioussymplecticmanifoldshasbeenstudiedby anumberof authors[see,for
example,Lichnerowicz(1981)andLugo (1981)].

If G is aLie group andg~thedualof the Lie algebrag, thenthe symplectic
structureon anyco-adjointorbitOcg~is closelyrelatedto thePoissonstructure
on ~. Thissuggeststhestudyof s-productson g”’. Gutt (1983)hasshownthata
s-products,~existson anyg” andhasgivenanexplicit formulafor it. Thisstruc-
tureon S(g) maybe obtainedfrom theuniversalenvelopingalgebraU(g) by a
modificationof thefamiliarsymmetrizationmapbetweenS(g)andU(g).

Thereare,however,somereasonsfor consideringvariantsoftheGutt s-prod-
uct.Thesymmetrizationmapis not entirelynaturalandfor someapplicationsin
harmonicanalysisit is preferableto usethe mapsof Harish-Chandraor Duflo.
Alsoin Wildberger(1993)acanonical* -productwasconstructedon anyintegral
co-adjointorbit ofacompactLie group.While investigatingtherelationshipbe-
tweentheseorbit s-productsands-productson 9*, wehavefoundthatwhengis
reductivethereexistsa family of s-products* ~ on g~which includetheGutt
s-products~2 asthespecialcasec=O.
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Surprisingly, this productis non-trivial evenin the caseof g = IR, whereit is
givenby the formula

min(n,m)

xn s~Xm= ~ ( J( )p!cPXP?+m_2P
p=o \P/\P/

on monomials.Of particularinterestis an innerproduct < , >).~,on S(g) asso-
ciatedto theses-productsby theformula

<f,g>
2,~=f~1c g(O)

forf~gaS(g). In thecaseof g= P. similar innerproductshavebeenutilized in
commutativeharmonicanalysis[seeCoifmanandWeiss(1971)].

We developsomeformulaefor these* -productsin P” which involve the expo-
nentialof the Laplacianon polynomials.In particularwegive integralformulae
which allow usto extendthe * -productto aspaceof concentratedGaussianson
P”. We areableto generalizesomeof theseresultsto the caseof generalg, where
theBaker—Campbell—Hausdorffformula is required.

1. Let Gbe areal Lie groupwith Lie algebrag. Let 5(g) denotethe symmetric
algebraover C andS~(g) ~ 5(g) the symmetricalgebraoverP. Thesemaybe
viewed,respectively,ascomplexvaluedandrealvaluedpolynomialsonthedual
of theLie algebrag”. TheLie bracket[ , ] ofg extendsto aPoissonstructureon
S(g).

An algebrastructure* on S(g) will be calledas-productif
(i) it isassociative,
(ii) ~eP suchthatforallp, qES(g),

p*q=pq+iA[p, q] +lowerdegreeterms,

(iii) for allp, qeS~(g),

q*p=psq.

Gutt (1983) hasdefineda s-productstructureon 5(g), which we maywrite
as follows. ForX, X1, ..., Xk� g,

k (iAyB

XsA(Xl~”Xk)=XXl•~•Xk+~ r!

x
k}

where<j1, ...,Jr> signifiesorderedset,“ denotesdeletionandB.is theith Bernoulli
number.

Now supposethatg is reductiveso thatwemaychooseareal non-degenerate
symmetricg-invariantform ( , ) on g. ForeachXc g let Ox:S(g)—~’S(g)bethe
derivationthatextends
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o~(Y)=(X,Y) VYeg.

ForXeg,peS(g)andA., caP,define

X*2,, p=X ~A p+cö~(p).

Theorem1. *~ extendsin a uniquewayto a * -producton 5(g). 0

For p. qeS(g),define

<p,q>~=p~A,c q(O)

Theorem2. < , ~ is a symmetricreal valuednon-degeneratebilinearform on
S(g).It satisfies

<p s2,~q,r>=<p,q~ r>

forallp,q,reS(g).

2. The s-productdefinedaboveis non-trivial evenwheng is abelian.Herewe
considerthecaseg= P” with ( , ) anon-degeneratebilinearsymmetricformand
{X1, ..., X,,} an orthonormalbasis.The s-productdependsonly on c,sowewrite
itas s~.

Lemma3.

(X~~X~”)*~(xq’~•x~)
min(ai,fl,) min(a~,fl~) ‘a \f1~\ ‘a \f ~

= E ( ‘flh”)~i!~.( “JV”1p~!
pi=O pn=O \PI/’,J’l \Pn/Wn/

~ o

Notethat *,, in thiscaseiscommutative.

Lemma4.

~ o

Therefore,if c> 0, then< , > is positivedefinite.

Now for anymonomialp=X~”XjkdefineA~(p)eS(g)by

A~(p)=X1 s~”~*~X~5.

Thisis awell-definedpolynomialofdegreekwhosekcomponentis exactlyp, so
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thatA~extendslinearly to avectorspaceisomorphismA~:S(g)—S(g).We now

describethis mapexplicitly. Let

betheLaplacianwhichweconsideras anoperatoron S(g).

PrOpOSitiOfi5. A~=e~’~That is,foranypeS(g),

Ac(p)=ecA1~
2(p)= ~ -~ (cA/2)~(p)

n=O fl.

thisserieshavingonlyafinitenumberofterms. o

Corollary6. pa5(g) is harmonicifandonlyifp=A~(p). 0

3. We now investigatethepossibilityof extendingthe s-product~Ac from poly-
nomialstomoregeneralfunctionson g~.Forsimplicity,wefirstconsiderthecase
g=P.

Lemma 7. For t
1, t~eRthe formal series for e1nIX 5~eht2x converges to

ehI+t2)~e_dh1t2.

1ff, g are functionson P we maydefinef*g formally as follows. Expandf g
usingtheFouriertransform

f(X)= ~y~=Jf(t)eitxdt,

X ~t itX~1g-~-jge

Fromthepreviouslemma,weget

f *~ g(X)= J Jf(t1)~(t2)e~t12 )e_dhhl2dt1 dt2.

Somemanipulationsallowus to rewrite thisas

fs~g(X)= J Jf(Xi)g(X2)B~(X,Xi,X2)dx1 dX2, (3.1)

whereB~(X,X1, X2)=(2lr)_le_c~_x X~X2)~The functionB~(X,X1, X2) is
calledatriple-kernelforthealgebra* [this terminologywasintroducedin Wild-
berger(1993)1.Weusethisformalcalculationto definef * gby (3.1)whenever
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theintegralsmakesense.It is now naturalto inquire if thereis aspaceof func-
tionsonP forwhich (3.1) convergesanddefinesanalgebra.

Recall that the Gaussiane~~”2is its own Fourier transform if andonly if
a=1. We will saythataGaussianis concentrated if it hastheform

e’2~”~~=Qa

fora>0.LetF bethespaceof functionsonP spannedbyall concentratedGauss-

iansandtheirtranslates.

Proposition8. Under the product defined by (3.1)

~a ~Qb = ~2a+2b+4ab ~a.b,

where

a.b=ab/(a+b+2ab).

Using a more generalformula involving the translatesof two concentrated
Gaussiansonemayshowthefollowing.

Proposition 9. The space F is closed under the product defined by (3.1). 0

We remarkthattheform of B(X, X
1, X2) immediatelyimpliesthat s2istrans-

lation invariant,sothesameistrueofthe * -producton5(R).

4. We nowshowhowto generalizesomeof theseresultsto thecaseof generalg.
Recall thatif exp:g—~Gis the exponentialmapthereis aneighbourhoodU0 of 0
in g on which exp is a diffeomorphism.We may also find neighbourhoods
~ of 0 such that for all X, YeU~(n~l) thereexists ~(X, Y)
aU,,_1 suchthat

expXexp Y=exp~(X,Y)

andwhere~(X, Y) isgivenby theBaker—Campbell—Hausdorffformula[see,for

example,Hochschild(1965)],

~v(X, Y) =X+Y+~[X Y]+~[Y,[Y,X]]+~[X,[X, Y]]+.•~.

Forsimplicity let ussuppose2=1 sothat *,, = * ,~.Thenthe appropriategen-
eralizationoflemma7 is thefollowing.

Lemma10. LetX, YeU~sothat~v(X,Y)=Ze U~1.Then

e_c~/’
2e~s~e_d/2ei~’=e_dl~~I2e~Z
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asan equality offormal power series. 0

We seethatwecannowextendthe * -productto moregeneralfunctionson g5.
Explicitly, iff andg arefunctionson g whoseFourier transforms!andfr are
supportedin U~thenwemaywrite

fscg=~JJ!(Yi),~(1~
2)esce~2d1hi dY2

andutilize lemma10 to evaluatethis integral. We alsosee,however,that the
topologyof G interferesin our attemptto find auniformspaceof functionson
whichthe * -productextendsby an integralformula.Theseremarksalsoholdin
thecasec=0,i.e. theGutt s-product.
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